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Abstract. Lumbar interbody fusion is a lumbar surgical procedure that consists of replacing 
the intervertebral disk with a stiff prosthetic device (the fusion cage), with the purpose of 
promoting bone growth in between the two vertebrae and finally fuse them into one single 
rigid unit. The numerical studies described in this paper are oriented to clarify the mechanical 
behavior of the new vertebral configuration after the fusion cage has been installed. The 
geometrical model includes vertebrae L5 and S1 and has been directly generated from 
radiological images, with individual representation of the stiffer cortical bone on the surface 
and the softer trabecular bone in the interior, as well as two kinds of prosthesis devices in 
between the two vertebrae. The resulting stresses are discussed on the basis of a hyperbolic 
Mohr-Coulomb failure criterion in comparison to traditional von Mises. 
1 INTRODUCTION 
Lumbar interbody fusion is a lumbar surgical procedure that consists of replacing the 
intervertebral disk with a stiff prosthetic device (the fusion cage), promote bone growth in 
between the two vertebrae, and finally fuse them into one single rigid unit. The fusion cage is 
usually hollow to be able to accommodate new bone in its interior. Often this kind of surgery 
has been considered the only option when disk diseases are severe.  
On the market there are many different types of cages available that have been applied as 
prosthesis. The main variants between different types of cages are the material (titanium, 
carbon, polymer), the shape (square, rectangular, cylindrical) and the contact surface with the 
endplate (smooth, rough, with ridges). In literature there are many publications comparing 
various types of cages [1-5]. 
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In relation to the numerical simulation of the mechanical behavior, there are several 
publications about specific modeling of the lumbar area using the finite element method 
(FEM) [6, 7]. 
There are various models that analyze the intervertebral disc of vertebral segments [8, 9] 
and various studies that include fusion cages in the modeling [10, 11, 12]. In most of these 
models the results are presented in terms of the so-called von Mises stress, which summarizes 
with a single scalar value the (actually multi-component) stress state at a point. This 
magnitude in fact only represents the deviatoric stresses, while some studies [13] show that 
the behavior of cortical bone is actually dependent on the hydrostatic pressure (I1 invariant) as 
well, and it also exhibits additional frictional mechanisms. In frictional materials the 
hydrostatic pressure has an important influence on the strength of the material. Therefore, to 
represent stress states of the cortical tissue, it seems more appropriate to use an equivalent 
stress criterion or a more appropriate strength surface for the frictional behavior.  
This paper summarizes some of the numerical results obtained with a three-dimensional 
model of a vertebral segment, developed by the authors as described briefly in the next 
section. The continuum stress results are discussed using a Mohr-Coulomb hyperbolic model 
type (Hyperbolic Mohr-Coulomb Model) in comparison to traditional von Mises. 
2 MATERIALS AND METHODS 
The geometry and three-dimensional mesh of the vertebral segment formed by the last 
lumbar (L5) and the first sacral (S1) vertebrae have been generated. Two types of prosthesis 
(cages) of similar design and different material are incorporated into the model, one of 
P.E.E.K polymer and the other of metallic alloy (Ti6AQ14V). 
2.1 Generation of the Geometry 
First, using the Mimics program a closed surface of each vertebra were obtained from CT 
images of a patient (CAT scan), which led to the generation of a three-dimensional model of 
the vertebra. These images were processed with other programs (Femap 8.3, Rhinoceros 3D) 
until a suitable geometry was obtained. Because the complete modeling of both vertebrae 
represented a very large number of degrees of freedom for the modeling, and given the 
symmetry of the problem only half of each vertebrae was considered in the discretization. In 
order to differentiate the cortical bone layer from the trabecular bone core an extrusion 
towards the inside of the original surface was performed with a thickness of 0.6 mm. 
On the other hand, the geometry of both prosthesis (cages) was generated from actual 
samples by using computer graphics programs. A simplified design of the Sherpa fixing 
system adapted to the size of the represented vertebrae has also been generated. 
This original geometry of the vertebral set was used to generate a mesh of linear 
tetrahedrons, with which preliminary numerical studies were carried out and led to evidence 
that the shell behavior of cortical bone is the one that governs the problem. 
For this reason a new approach using prismatic elements of triangular base in the area of 
cortical bone was used. Prisms of triangular base were generated by an extrusion process of 
the external surface of the trabecular tissue. 
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2.2 Generation of the FEM mesh 
The FE analysis was first performed using a tetrahedral mesh and looking at the results in 
terms of conventional continuum stresses. A second study took advantage of the fact that 
cortical bone seems to work as a bending shell. Based on that, a new mesh was developed 
with the cortical represented by extruded prismatic elements of triangular base, in such way 
that all integration points through the thickness were aligned and it became possible to 
calculate the shell forces (moment, shear and axial) associated to the cross-sectional behavior 
of the cortical shell. 
Figure 1 shows the overall mesh generated with quadratic elements for each type of 
prosthesis, and Table 1 summarizes some statistics of these meshes. 
Figure 1: FEM mesh of the model with polymer prosthesis (left), and metallic alloy prosthesis (right). 
2.3 Boundary and loading conditions 
The displacements of the lateral-bottom side of the S1 vertebra are prevented, simulating 
the contact with the pelvis. Furthermore, conditions of symmetry are applied (displacements 
perpendicular to the symmetry plane are prevented on the same, x = 0).  
The procedure described in [8] has been followed to define the loads to be applied. A 
normal compression load state has been assumed, where a preload of 1000 N simulates 









Polymer model 161488 76130 36579 39551 
Metallic alloy model 146380 65699 36390 29309 
Table 1: Statistics for each of the two meshes analyzed. 
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2.4 Material failure criterion 
In the biomechanical literature it seems traditional to represent the stress state by means of 
the equivalent von Mises stress [10]. However, some studies [13] show that the behavior of 
cortical bone is dependent on the hydrostatic pressure (I1 invariant) as well, and also exhibits 
additional frictional mechanisms. In this paper the continuum stress results are discussed 
using a hyperbolic Mohr-Coulomb model (HMCM) in comparison to traditional von Mises. 
Figure 2: HMCM strength surface. 
The von Mises stress provides the essential ingredient for immediate verification of the 
von-Mises criterion, which depends on a single parameter, the octahedral shear strength. It 
only takes into account the influence of the second invariant of the deviatoric stress tensor 
(J2), neglecting the influence of the first invariant of the stress tensor (I1). 
The Mohr-type failure criteria in general, and in particular the HMC criterion is based on 
the model originally proposed in [14, 15] for zero-thickness interface elements, whose 
formulation was later adapted for the continuum medium. This failure criterion is defined by a 
hyperboloid defined by three parameters (Figure 2): the triaxial tensile strength (pT), the 
apparent cohesion (C) and the slope of the conical surface in the  −  space (tan φ). This
criterion may be expressed in the following way: 
,  =  +  −  tan −  − 3 tan = 0 	1
3 NUMERICAL RESULTS 
The calculations have been performed assuming linear elastic behavior of the material, 
using the parameters presented in Table 2. 
Figure 3 shows the stress distribution in the cortical and trabecular tissue (left to right) in a 
cross-section of the cortical bone and nearby trabecular bone, near the symmetry plane 
located below the prosthesis in the vertebra S1. The stress represented is σ3 for those Gauss 







Projection of the failure 
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predominant. This figure shows clearly the mechanical behavior of every tissue in the 
vertebra: first, the cortical bone working as a bending shell is taking almost the entire load, 
while trabecular tissue remains practically unstressed. 
Parameter E (MPa) ν
Trabecular bone 100 0.3 
Cortical bone 12000 0.3 
Alloy prosthesis and fixation system (Ti6Al4V) 110000 0.3 
Polymer prosthesis (PEEK) 37000 0.3 
Table 2: Material parameters adopted for the modeling. 
In three-dimensional problems, the analysis in terms of principal stresses is often difficult 
to interpret, because at each integration point there are three values of the stresses acting in 
different spatial directions. Therefore, it is important to take a single representative stress 
value to be compared with any strength value. In the biomechanical literature, the stress state 
of the cortical bone is often represented by von Mises effective stress [10, 11]. 
Figure 4 shows the distribution of von Mises effective stress in the cortical tissue of both 
vertebrae in the area around the prosthesis for both polymer prosthesis (left) and for the metal 
alloy (right). 
Figure 3: Stress distribution in the cortical and trabecular bone at a representative section. 
These figures show that in both cases the maximum values are located mainly and almost 
exclusively in the front area of the prosthesis, with higher absolute values in the case of 
metallic alloy prosthesis, an expected result considering the difference between the Young’s 
modulus of each material presented in Table 2. 
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Figure 4: Effective von Mises stress (in MPa) for polymer prosthesis (left) and for metallic alloy prosthesis 
(right).
Figure 5 shows the same results in terms of the von Mises (left) and the HMC (right) 
failure criteria discussed in Section 2.4. In the figure, the zones of the cortical bone with 
stresses that do not reach the failure surface are represented in blue, while the zones that 
exceed the condition are in red. The HMC failure parameters used for this calculation are: p = 
pT = 107 MPa [16], tan = 0.7 and C = 152 MPa (value taken so that in pure tension the 
failure surface is reached in Mode I, at the vertex of the hyperboloid). These figures show that 
with the von Mises condition a larger number of points would be at failure if compared with 
the HMC condition. 
Figure 5: Graphical representation of the strength criteria of von Mises (left) and hyperbolic (right). 
Figure 6 shows an additional representation of the same results in the    space. In the 
figure, the stress obtained at each Gauss point of the mesh has been represented by a dot, 
together with two lines which correspond to the von-Mises and HMC failure conditions. As it 
may be observed, a considerably greater number of Gauss points violate the von Mises 
criterion than the HMC criterion. In particular many points are located in the shear-
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compression zone, which would be acceptable from the viewpoint of the HCM criterion (as 
physical for frictional mechanisms in quasi-brittle materials such as cortical bone) but not 
from the viewpoint of a purely deviatoric criterion such as von Mises, wich was originally 
developed for non-frictional materials as metals. 
Figure 6: Graphical representation of the stress state in the  −  space for the Gauss points of the cortical
tissue using polymer prosthesis (including the representation of the strength criteria of von Mises and HMC).
4 CONCLUDING REMARKS 
The results obtained from the linear elastic analysis in terms of stress have shown that the 
mechanical behavior of the vertebra seems to be governed by the behavior of cortical tissue 
acting as a bending shell, while the trabecular bone underneath remains comparatively 
unstressed basically providing a deformable bed to the cortical bone. A comparison of the 
stress values with the classical von Mises strength criterion (usual in the biomechanical 
literature, non-frictional in nature), and with a hyperbolic Mohr-Coulomb criterion of the 
frictional type, shows significant differences with many more points violating the first (von-
Mises) condition than the second (HCM) criterion. Note that the second should be considered 
much more realistic for a frictional material such as cortical bone.  
Extensions of this study currently under way, include is a full nonlinear analysis using the 
HCM surface as the basis for an elasto-plastic constitutive model, and the consideration of the  
cortical bone using shell theory. The latter should provide a more rational basis for the 
evaluation of the vertebral cortical bone failure. 
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